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Abstract

Models containing numerous response and predictive time variables, known as
multivariate autoregressive models, establish a link between each response and the lag
terms of both the response and predictive variables. Multivariate time series models, like
univariate time series models, contain some basic properties that distinguish each model.
The basic features of Multivariate Autoregressive Models (MARM), also known as Vector
Autoregressive Models (VARM), are investigated in this study. The work focuses on using
model parameter estimations to derive the variance, autocorrelations, and cross-
autocorrelations of multi-dimensional VAR models. The features of broad VAR models,
such as variances, autocovariances, cross-autocovariances, autocorrelations, and cross-
autocorrelations, are calculated and validated using empirical examples.

Keywords: Vector Autoregressive Models, Autocovariance/Cross-Autocovariance and
Autocorrelation/Cross-autocorrelations

Introduction

Multivariate time series models are time series models that include numerous response and
predictive time variables and establish a relationship between the response and lag terms
of both the response and predictive time processes. The models are multi-parameter
extensions of univariate time series that account for the distributions of predictive time
variables in each response variable. Every reaction time variable is a function of its
previous values, much like in univariate time series. What distinguishes multivariate time
series models from the univariate is that each response time variable is a function of its
past values and other time variables. With multivariate time series models, there is a feed-
forward and feedback mechanism between each response and predictive time variables,
which implies that each response time variable in a given multivariate time series model is
a predictor term to another in a set of multivariate time series models. The models are also
known as VAR models. The VAR models are n-dimensional response and predictor time
variables characterized by autoregressive processes. If the Vector time variable is
characterized by a moving average process, the model is known as Vector Moving Average
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(VMA) or Moving Average Vector (MAV) model. VAR model is described by [2] as one
of the most successful, flexible, and easy-to-use models to capture the dynamic behaviour
of multivariate time series. VAR models are popular models in studying the behaviour and
feed-forward and feedback mechanism amongst macroeconomic variables. The flexibility
of multivariate time series models, which gives room for the study of the effect of other
time variables on another is the advantage it has over the univariate time series model.
These are evident when modelling multiple set of economic and financial time series.
Identification of the basic properties that characterize the behaviour of a model has always
been the tradition in time series and other areas of statistics. In univariate time series, there
are underlying properties that explain the nature of a given model. Fundamentally, some
basic properties of a univariate autoregressive model include the variance, autocovariance,
autocorrelation structures, etc. As an extension of the univariate autoregressive model,
Vector Autoregressive Models are a set of models that have gained prominence in
multivariate time series modelling due to their wide areas of applications in economic and
financial studies.

The interest in this paper is on the basic properties of multivariate autoregressive models.
These include variances, autocovariances, cross-covariances, autocorrelations, and cross-
autocorrelations. Properties of Bayesian Multivariate Autoregressive Time Series Models
are presented, which compared the small sample performance of Bayesian Multivariate
Vector Autoregressive time series models relative to frequent power and parameter
estimation bias, [6]. Some basic properties of n-dimensional vector time series which
include cross-autocovariances and cross-autocorrelations have been obtained by [1]. The
work did not consider the estimates of the model coefficients, rather used lagged variables
for computations of cross-autocovariances and cross-autocorrelations for stationary
multivariate time series. Still on multivariate time series are frequentist and Bayesian
methods considered for the estimation of structural vector autoregressive models by [4].
Network vector autoregressive (NAR) model have been introduced by [10]. The work
focused on a large-scale social network with a continuous response observed for each node
at equally spaced time points. The response from different nodes constitutes an ultra-high-
dimensional vector whose time series dynamics is to be investigated. The NAR assumes
each node’s response at a given time is a function of its previous time value, the average
of its connected neighbours, a set of node-specific covariates and independent noise. The
NAR model is estimated using an ordinary least squares type of estimators, and its
asymptotic properties are investigated. Investigation of the stationarity of multivariate time
series using autocorrelations and cross-autocorrelations with three response time variables
representing urban, rural and average consumer price indices and Nigeria's crude oil
production quantity and price volatilities have been carried out by [8] and [9]. The two
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papers adopted lag terms in obtaining the autocorrelations and cross-autocorrelations to
investigate the stationarity of multivariate time series through the positive definiteness
property. On the probabilistic properties of autoregressive models, [7]. The theoretical
properties were presented and demonstrated using simulated and real-world examples.

A number of published works have little or no contributions in building up models for
computations of variances, autocovariances, cross-autocovariances, autocorrelations,
cross-autocorrelations from multivariate time series models. To bridge the gap, this paper
proposes the use of parametric model to develop models for estimations of the fundamental
properties of Vector Autoregressive Models (VARM).

Statistical Method
This section considers the general Multivariate Autoregressive Time Series and proposed
method of derivation of its properties.

Definition
According to [3], Multivariate Autoregressive Models are presented as,

P =
Yii = @i + Z 2 Br.ijYjt-k TE€ies T
k=1j=1

=1 ... m (1)

where, Yi;(i=1,.,m) response time variables, Y;,_, are the lag terms with parameter matrix
Pr.ij: @; are constants and ;. errors associated with the response time variables. On the
assumption that Yj,;=1, ) are stationary time series processes distributed about the
constant origin,

E(ie)) =E(Yy) = =E(Yp) =0=>¢@; =@, = =@, =0.
Fori=12,..,m;j=1,..,nand k = 1,2,...,P. Equation (1) is expanded as follows,

Yie

= @111Y1e-1 T Qr12Vor—1 o+ QranYne—1 + ©211Y1e-2 + 0212V 2 + -
+ @anYne—2 + 0+ (pp.llylt—p + (pp.12Y2t—p + -t (pp.lnynt—p

+ €54 (2)
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Yo
= @Q121Y1t-1 T Q122Voe-1 + o+ QronYne—1 + ©221Y1e-2 + @222V + -+
+ (pZ.ZnYnt—Z + -t (pp.21Y1t—p + (pp.ZZYZt—p + -+ (pp.ZnYnt—p
+ €xt (3)
Yine
= Q1m1V1t-1 T P1m2Yor—1 + o+ OrmnYne-1 + ComiVie-2 + @omaYor—2 + -

+ (pz.mnYnt—Z + -+ (pp.mlylt—p + (pp.mZYZt—p + -+ q)p.mnynt—p
+ Eme 4)

Equations (2), (3) and (4) are the p*"* order Multivariate Autoregressive Models.
The coefficients fp,;; are first time lag parameters, indicating the contributions of

Yje_1(j=1,..m) t0 the response time variable, Y. ;=1 m). €ie(i=1,..m)~N(0,0Z,).

Variance, Auto-covariance and Cross-Autocovariance
Recall that,

COV(Yt'YtHc) = E(Yth+k) -
E(Y)E Yevr), (5)

E(Y)) = E(Yi4y) =0

Variance, Autocovariance and Autocorrelation of Y,
Variance of Y4,
Multiplying Equation (2) by Y;, and taking the expectations,

E(Y;Y1e)

= E[Ylt(‘P1.11Y1t—1 + Q112001+ @ranYar-1 F @2101Yie—2 + @120 2 +
+ @r1nVni—2 + 0 F §0p.11Y1t—p + (pp.12Y2t—p + -t (pp.lnynt—p

+ elt)] (6)

E(YR) = @111E(Y1eYiem1) + 01.12E Vi Yoro1) + o+ @100 E (Vi Yne1)
+ 0211 ENiYie—2) + @212E(YieYor2) + o+ @10 E (Y1t Vne—2) + -
+ (Pp.11E(Y1tY1t—p) + ‘Pp.12E(Y1tY2t—p) + e+ ‘Pp.1nE(Y1tYnt—p)
+ E(Yyc€1¢) (7)
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E(YZ) = y1..4¢ (Variance of Y;;)

Yitie = Pr11Y1e1e) T PrizVieze) Tt PranViene) T P211V1t1e2) T P2.12V1e,2t(2)
t ot Qr1nVienee) Tt PparViciew) T Ppa2Vit2te) T

+ (pp.ln]/u,nt(p)
+0é, (8)

Equation (8) further reduces to

Vit,1t
p n

= Z Pr.1jV1t,jt(k) 9)
1

k=1 j=

From Equation (9), Vit1ek=1,.p) are autocovariances of Yi., Vieark=1,.p)- -
Yitnt(k=1,.,p) Qr€ cross-autocovariances of Y;, and Y,;,....Y;; ; @ 1 is the parameter of j th
predictive variable to Y;, at k" lag and E(Y;,.€;,) = aﬁlt(correlated stationary processes
at zero time lag), which represent variance of the error term of Y;;.

Autocovariances and Autocorrelations of Y,
i. Multiplying Equation (2) by Y;,_, and taking the expectations,

E(Y1Y1e-1)

= @111 EYie—1Y1e-1) + @1.12E (Vg1 Yor—1) + o+ @110 E Vi1 Yne—a

+ 0211 E(Yiec1Yie—2) + 0212E(Yie1Yor—2) + - + @210 E(Yieo1Yoe—2) + -
+ Op11E(Vie—1Yie—p) + Op12EVie—1Yor—p) + - + Opa1nE Yie—1Yne—p)

+ E(Yie—1€1¢) (10)

E(Y1¢Y1e—1) = Y1e1e1) (utocovariance of Y, at k = 1)

Yie,1t(1)

= @r11Y1e1t T P112V1e2e Tt PranViene T P211Y1e1e(1) T P212Vie2e) T
tT Q2 1nV1tne) T T Ppa1Visaew-1) T Pp12Vi2ep-1) T

+ (pp.lnylt,nt(p—l) (11)
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E(Y;;_1€,:) = 0 (uncorrelated processes)
p

n
Yitae) = Z Z Pr.1jV1e(1),jt(k) (12)

k=1 j=1

Dividing Equation (12) by y,. 1, produces the autocorrelation

p Zn
k=12j=1 Pk.1jY1t(1),jt(k)
Pit1t(1) = Vit (13)

P1e1¢(1y 1S the autocorrelation of Y, and Y4y
Ii. Multiplying Equation (2) by Y;,_, and taking the expectations,
E(Y1¢Yie—2)
= @111EV1ie—2Y1e-1) + ©112E Yie—2Y2e-1) + -+ @110 E Yie—2Yne1
+ @211E (Yie-2Y1e-2) + @212E (Y1ie—2Y2e-2) + - + @210 E (Y12 Yne—2) + -
+ ‘Pp.11E(Y1t—2Y1t—p) + (Pp.12E(Y1t—2Y2t—p) + e+ (pp.lnE(Ylt—ZYnt—p)
+ E(Yie—2€1¢) (14)

E(Y1¢Y1e—2) = V1e1¢(2) (autocovariance of Yy, at k = 2)

Vit1t(2)

= Qr11YV1e1t) T Pr12Y2t1e) Tt PranVaeie) T P211Y1e1e T P2.12Y1e2e T
T Q2 1nVitne Tt Ppa1Vicitp-2) T Ppa2Vit2t-2) T

+ (pp.lnylt,nt(p—z) (15)

E(Y;;—»€1:) = 0 (uncorrelated processes)

P n
Yit1e2) = Z Z Pr.1jY1t(2),jt(k) (16)
k=1 j=1

Dividing Equation (16) by y, 1, produces the autocorrelation
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p Zn . .
k=12sj=1 Pr.1jY1t(2),jt(k)
P1t1t2) = ! Viere (17)

P1e1e(2) 1S the autocorrelation of Y, and Yy,
iii. Multiplying Equation (2) by Y;,_, and taking the expectations,

E(YiYiep)

= Q111 ENie—pYie-1) + @1.12E Yie—pYor—1) + -+ @110 E Yie—pYne-1

+ 0211 E (Yie—pYie—2) + 02.12E YV1e—pYor—2) + -+ @10 E Yie—pYne—2) + -
+ (pp.llE(Ylt—pylt—p) + (pp.le(Ylt—pYZt—p) + e+ (pp.lnE(Ylt—pYnt—p)
FE(Mye) (18)

E(Yy:Yi:—p) = Y1r10(p) (Qutocovariance of Yy, at k = p)

Yititp) = Pr11Vieitp-1) T Pr12Vetito-1) Tt PranVntit-1) T P2.11Y1t1t(p-2)
+ @212Y2t1tp-2) T T PoanVntatw-2) Tt Op11Vie1e T Ppa2Vit2e
T+t QpanYiene (19)

E(Yy;_p€1¢) = 0 (uncorrelated processes)

Vit 1e(p)

Z Pr.a1jY1tp),jtk) (20)

P n
k=1j=1

Dividing Equation (20) by y, 1, produces the autocorrelation

p Zn
k=12j=1 Pk.1jV1t(p),jt(k)
Pitat(p) = (21)

Yie1t

P1e1t(p) 1S the autocorrelation of Y;, and Yy,
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Generally,

1 =0

p
Pie1ey = k=1 Z?=1 PrajY1t),jtk) = 4142, 4 (22)

Yit,1t

Variance, Autocovariances and Autocorrelations of Y,

Variance of Y,
Multiplying Equation (3) by Y, and taking the expectations,

E(Yzzt) = Q121 EYotYieo1) + 012 E(Yoi Yo 1) + o+ @100 E (Yar Yoe—1)
+ 0221 E(YortYie—2) + 0222E(YorYor2) + o + @200 E (Yot Ypp—2) + -
+ ‘Pp.21E(Y2tY1t—p) + (Pp.zzE(YZtYZt—p) + -+ (pp.ZnE(YZtYnt—p)
+ E(Yy€5,) (23)

E(Y3) = Y32, (Variance of Y,,)

Vat2t = P121V2e1t(1) T P122Y2t2e¢) Tt PranVoener) T P2.21V2¢16(2)
T @222V2t2t2) T T P22nYaene) Tt Pp21Yat 1) T Pp22Y2t 2t )

Tt QponVaent )
+ 02, -

Equation (24) further reduces to

Y2t 2t
p

Z Pr.2jY2t,jt(k) (25)

n
=1 ]:1

&

From Equation (25), ¥at2ek=1,.p) are autocovariances of Y., Vor1tk=1,.p1)s--->
Yatmt(k=1,.,p) are cross-autocovariances of Y, and Yi,,..., Y5 and Y., @y, is the
parameter of j¢" predictive variable to Y,, at k" lag and E(Y,.€,,) = ol (correlated
stationary processes at zero time lag), which represent variance of the error term of Y,,.

Autocovariance and Autocorrelation of Y,
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i. Multiplying Equation (3) by Y,,_, and taking the expectations,

E(YyYoe—1)

= 0121E(Yor-1Yie—1) + @122E(Yor_1Yor 1) + -+ @100 E (Yot 1Yo

+ Q2210 E(Yor_1Y1e-2) + @222 E(Yor 1Yo 2) + o+ @200 E(Yar o1 Yne—2) + -
+ 0p 21 E(Yar-1Yie—p) + ©p22E (Yar—1Yor—p) + -+ @ponE (Yor—1Yne—p)

+ E(Yye_1€3¢) (26)

E(Yy:Y3t_1) = Yar2e(1) (aUtocovariance of Yy, at k = 1)

Yat,2t(1)

= Q121V2t1t T Pr22V2tot Tt QronYoene T P221Y2t1e(1) T P222V2t2e¢1) 0
t Q2onYotnt) Tt Op21Yatatp-1) T Pp22Vat2tp-1) T

+ <pp.2ny2t,nt(p—1) (27)

E(Y,;_1€5,) = 0 (uncorrelated processes)
Yat,2t(1)
p

n
= Ok.2Y2¢(1),jt (k) (28)
k=1j=1

Dividing Equation (28) by y,. . produces the autocorrelation

p Zn ) .
k=12j=1 Pk.2jV2t(1),jt(k)
P2t2t(1) = Ve (29)

P2t.2¢(1) 1S the autocorrelation of Y, and Yy (4
ii. Multiplying Equation (3) by Y,,_, and taking the expectations,

E(YyY3_2)

= Q121 E(Vae—2Y1e-1) + 01.22E (Va1 2Yar 1) + -+ @120 E(Yar 2 Yneq

+ 0221 E(Yor—2Y1e-2) + 0222 E(Vor—2Yor—3) + o+ Qo on E(YVor 2 Yne—2) + -+

+ Op21E(Yor2Yie—p) + Op2oE(Yor2Vorp) + -+ @ponE (Yar—2Yne—p)

+ E(Yzr—2€2¢) (30)
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E(Y2¢Y21-2) = Yar2t(2) (aUtocovariance of Y, at k = 2)

Vat2t(2)

= @121Y2t2t1) T Pr22Vee2t) T T PronVne2e) T P221Vie2t T P222V2e2e T
t Q22nVotne Tt Pp21Vor1ep-2) T Pp22Vat2t-2) T

+ (pp.ZnVZt,nt(p—Z) (31)

E(Y,;_,€,,) = 0 (uncorrelated processes)
Yat,2t(2)
p

n
= Ok.2Y2t2),jt (k) (32)
k=1j=1

Dividing Equation (32) by v, .. produces the autocorrelation

P2t,2t(2)
_ et 201 P2 V2t jt (k) 33)

Yat,2t

P2t.2t(2) 1S the autocorrelation of Yz, and Yy ()

iii. Multiplying Equation (3) by Y;,_,, and taking the expectations,
E(YarYar—p)
= 901.21E(Y2t—pY1t—1) + ‘P1.zzE(Y2t—pY2t—1) + -t (pl.ZnE(YZt—pYnt—l
+ 0221 E(Yar—pYie—2) + 02.22E (YorpVor—2) + -+ @200 E(Vor—pYne—2) + -
+ ¢p.21E(YZt—pY1t—p) + (pp.ZZE(YZt—pYZt—p) + e+ (pp.ZnE(YZt—pYnt—p)
E(Ypepen) (34)

E(YyYae—p) = Yar20(p) (AUtocovariance of Yy, at k = p)
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Vat2tp) = P121V1e2t(p-1) T P122Y2t2t(p-1) T T P1ronVnt2t-1) T P221V1e2t(p-2)
t Q222V2t2tp-2) T F PaonVne2tp-2) T+ Pp21Vieat T Pp22Vat2e
+ ot (pp.ZnVZt,nt (35)

E(Yy:_p€5:) = 0 (uncorrelated processes)

Y2t 2t(p)
n

Z Pr.2jY2t(p),jt(k) (36)
]=

M"S

k=1j=1

Dividing Equation (36) by vy, 1, produces the autocorrelation

p Zn
k=124j=1 Pk.2jV2t(p),jt(k)
P2t2t(p) = Varat (37)

P2t2t(p) 1S the autocorrelation of Y5, and Y,

Therefore,
1 =0
_JyP n . .
Pataey = 3 Zk=12j=1 Ph2jY2t@),jt k) l—412 4. (38)
Yat,2t
Generally,
1 =0
p
pit,it(l) = Zk:l Z:il Z?:l (pk.ij)/it(l),jt(k) ,l — il, iZ,i . (39)
Yit,it

Cross-Autocovariance and Cross-Autocorrelations
The Cross-autocovariance is the covariance between Y;; and Yy (.

The approach of obtaining the cross-autocorrelations is not different from the earlier
section, except the cross-autocovariances and cross-autocorrelations involve two distinct
time variables Y;, and Yj,,

Multiplying Equation (2) by Y,,_, and taking the expectations, we have
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E(Y1tY2e-1) = @101 E (YVar—1Yie-1) + 01.02E YVar—1Yar1) + - + @100 E (Vaop—1Yne—1)
+ 0211 E(Yor—1Yie—2) + @212E(YVor_1Yor2) + -+ @210 E (Yar1Yne—2)
+ -t (Pp.11E(Y2t—1Y1t—p) + (Pp.12E(Y2t—1Y2t—p) +
+ (pp.lnE(YZt—lynt—p)
+ E(Yzr—1€11) (40)

E(Y1¢Y2t-1) = Y1t 2e(1) (Cross-covariance of Y, and Yy (1))

V1e,2t(1)

= @111Y2t1t T P1.12Y2t2t T T @ranV2ene T P211Y2t1e1) T P212V2e2t1) T 0
T Q21nV2tnt) T+ Pp11Vaeit-1) T Ppa2Vat2ep-1) +

+ <pp.1ny2t,nt(p—1) (41)

E(Y,,_,€,;) = O(uncorrelated stationary processes at zero time lag)

V1t,2t(1)
P n
= z z PrajY2e(1),jt k) (42)
k=1 j=1

Dividing Equation (42) by /¥1¢ 1:¥2¢ 2¢ Produces the autocorrelation

P1t2t(1)

p
_ k=1 Z;'l=1 Pr.1jY2t1),jt (k) (43)

VY1t 1tV 2e,2t

P1t2¢(1y 1S the cross-autocorrelation of Y;, and Yy, (4

Also, Multiplying Equation (2) by Y,,_, and taking the expectations, we have
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E(Y1Y2e—5)

= Q111 EYor2Yieo1) + @1.02E Vo 2Yor 1) + o+ @110 E (Yar 2 Vne—1)

+ 211 E(Yor—2Y1e—2) + 0212E(Yor2Yor2) + -+ Qo 10 E(Yar 2 Yne—2) + -
+ ‘Pp.11E(Y2t—2Y1t—p) + ¢p.12E(Y2t—2Y2t—p) + -+ Qop.1nE(Y2t—2Ynt—p)

+ E(Yy_z€1¢) (44)

E(Y1¢Y2t—2) = Vit 2e2) (Cross-covariance of Y, and Yy (,))

V1t,2t(2)

= @111Y1e2t) T Pri2Veezec) Tt PranYorne T P211V2e1t T P212Vae2e T
T Q21nV2tnt Tt Pp11Voratw-2) T Pp1zVae2t-2) T

+ (pp.anZt,nt(p—Z) (4’5)

E(Y,,_,€,;) = O(uncorrelated stationary processes at zero time lag)
Yit,2t(2)
p

n
= Pr.1jY2e2),jtk) (46)
k=1j=1

Dividing Equation (46) by ,/¥1¢ 1:¥2¢ 2¢ Produces the autocorrelation

P1t2t(2)

_ £=1 Z?=1 Pr.1jV2t(2),jt(k) 47)

v Y1ie 1tV 2e 2t

P1e2t(2) 1S the cross-autocorrelation of Yi, and Yy (,)

Multiplying Equation (2) by Y,,_,, and taking the expectations,

Pit,2t(p)

p Zn
_ o 1iY .
_ Zk=14j=1Pk1jY2t @) jt(k) (48)

v Y1e 1tV 2e 2t

Therefore,
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Z=1 Z7=1 Pr.1jV2t),jtk)

Pit2e) =
vV Y1t 1tV 22t

= 0,+1,42, 4, ... (49)

)1

Multiplying Equation (3) by Y;,_, and taking the expectations,

E(Yy:Y1e-1)

= Q121EY1e—1Vieo1) + @122 EViec1Yoro1) + o+ @100 EViem1Yie—1)

+ 0221 E(Yiec1Yie—2) + 0222E(Yie1Yor—2) + -+ @oo0n E(Yie—1Yne—2) + -
+ (Pp.21E(Y1t—1Y1t—p) + (Pp.zzE(Y1t—1Y2t—p) + -+ (pp.ZnE(Ylt—lynt—p)

+ E(Yii—1€2¢) (50)

E(Y2:Y1t—1) = Vae 11y (Cross-covariance of Yy, and Yi¢(y))

Yat1t(1)

= @Q121V1e1t T P122V1e2e Tt QronViene T P221Y1e2t(1) T P222Vie2e) T
+ Q2onYitne) Tt Pp21Vie it -1 T Pp22V1it2ep-1) T

+ (pp.Znylt,nt(p—l) (51)

E(Y,,_1€,:) = O(uncorrelated stationary processes at zero time lag)
Y2t 1t(1)
14

n
= Pr.2jY1t(1),jt(k) (52)
k=1 j=1

Dividing Equation (52) by /¥ 1:¥2¢ 2¢ Produces the autocorrelation

P2t1t(1)

_ z=1 Z?=1 Pk.2jV1t(1),jt(k) (53)

VY1t 1tV 2t,2¢

P2¢,1¢(1) 1S the cross-autocorrelation of Y5, and Y.y
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Also, multiplying Equation (3) by Y;,_, and taking the expectations,

E(YYie—2)

= Q120E(Y1e2Y1ie1) + @122 E(Yie2Yor 1) + o+ @100 EYie—2 Y1)

+ 0221 E(Yie—2Y1e-2) + 0222E(Y1e—2Yor—2) + -+ @oo0n EYieo Vi) + -
+ ‘Pp.21E(Y1t—2Y1t—p) + (Pp.zzE(Yu—zYZt—p) + -+ (Pp.ZnE(Yn—zYnt—p)

+ E(Y1i—2€2¢) (54)

E(Y2:Y1e—2) = Vae1e(2) (Cross-covariance of Y, and Y¢(y))

Y2t1e(2)

= @121Y1e1t) T Pr22Vet1e() T T PronVne 1) T P221V1e1e T P222V1e2e T
t QoonVitnt Tt Pp21Vieitp-2) T Pp22V1t2t-2) T

+ QponVitntm-2) (55)

E(Y;;_,€,.) = O(uncorrelated stationary processes at zero time lag)
Yat,1t(2)
14

Ok2jY16(2),jt (k) (56)

n
k=1 j=1
Dividing Equation (56) by ,/¥1¢ 1:¥2¢ 2¢ Produces the autocorrelation

P2t,1t(2)

p
_ Zke=1 Z7=1 Pr.2jV1t(2),jt(k) (57)

VY1t 1tV 2e,2t

P2t1¢(2) 1S the cross-autocorrelation of Y, and Y,y

Multiplying Equation (3) by Y;,_,, and taking the expectations,
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P2t,1t(p)

Py . .
_ Zk=14j=1Pk2jV1t@).jt(k) (58)

vV Y1t,1tY2¢,2¢

Therefore,

£=1 2}21 Pr.2jV1t),jt (k)

P2t1t() =
VY1t 1tV 2e2t

= 0,+1,42,+, .. (59)

)1

Multiplying Equation (4) by Y;,_, and taking the expectations, we have

E(VineYie-1) = @1m1EVie-1Yie-1) + @rmoEVie—1Yor-1) + -+ @1mnE Yie—1Yne-1)
+ Oomi E(Y1e-1Yie—2) + @omaE (Yie-1Yoe2) + - + @omnE (Yie—1Yne—2)
+ -t ‘Pp.m1E(Y1t—1Y1t—p) + ‘Pp.sz(Y1t—1Y2t—p) + -
+ ‘Pp.mnE(Y1t—1Ynt—p)
+ E(Yi¢—1€me) (60)

E(YtYie—1) = Ymeaeqy (Cross-covariance of Yy, and Y¢(4))

Ymt1e()) = P1m1Vie1t T Pim2Vit2e Tt @rmnVient T Pom1Vie1e) T Pam2Y1t2¢(1)
t ot PomnVient) Tt PpmiYitiew-1) T Pom2Vit2ep-1) T
+ Qap.mn)ﬁt,nt(p—l) (61)

E(Y1,—1€m:) = O(uncorrelated stationary processes at zero time lag)

Equation (61) further reduces to

Ymt1t(1)
p

n
= Z PremjY1e(1),jt(k) (62)

k=1j=1
Dividing Equation (64) by /¥1¢ 1tVmeme it produces cross-autocorrelation presented as
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Pmt,1t(1)

Py . .
_ &k=1 j=1 PrmjVY1t(1),jt(k) (63)

v Y1t,1tVmeme

Multiplying Equation (4) by Y;,_, and taking the expectations, we have

E(VineYie—2) = @1miEVie—2Yiem1) + @1meEYie—2Vor—1) + -+ @1mnE (Yie—2Yne—1)
+ Oom1E (Yie—2Vie—2) + PomaE (Yie—2Yor—2) + - + @omnE (Yie—2Vne—2)
+ o+ Opmi E(Yie-2Yie-p) + Opm2E YVie—2Yor—p) + -
+ (pp.mnE(Ylt—ZYnt—p)
+ E(Yi¢—2€me) (64)

E(YtYie—2) = Ymeae(z) (Cross-covariance of Yy, and Y¢(,))

Ymt,1t(2)

= QP1miVie1e) T PrmeYee1e) T T PrmnVneie) T PomaVie e T PomaVie2e T
t+ QomnYiene T T PpmiVititw-2) T Pom2Yit2t-2) T

+ (pp.mnylt,nt(p—z) (65)

E (Y ;_,€,:) = O(uncorrelated stationary processes at zero time lag)

Equation (65) further reduces to

Ymt,1t(2)
P n

= z z PrmjY1e(2),jt(k) (66)

k=1 j=1
Dividing Equation (66) by /¥1¢ 1tVmeme it produces cross-autocorrelation presented as

Pmt,1t(2)

p_ymn . .
— k=1 ]—1(pk.m]]/1t(2),]t(k) (67)

Y1t 1tVmemt
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Multiplying Equation (4) by Y;,_,, and taking the expectations,

pmt,lt(p)

Py . .
_ Zk=14j=1PrmjV2t(p),jt(k) (68)

vV Y1t,1tY2¢,2¢

Therefore,

£=1 Z7=1 PrmjV1e(),je(k)

Pme1t() =
v Y1t 1tV 2e2t

=0,+1,+2, 4, .. (79)

)1

Multiplying Equation (4) by Y,,_; and taking the expectations,

E(VineYar-1) = @1m1EYVae—1Yie—1) + @1maE (Yaro1Yar—1) + = + @1mnE (Yar—1Yne—1)
+ O2m1E (Yar1Yie—2) + QomaE (Yor_1Yor2) + -+ @omnE (Yor—1Yne—2)
+ ot Qi EYoem1Vie—p) + OpmaE (Yor—1Yar—p) + -
+ (pp.mnE(YZt—lynt—p) + E(YZt—lemt) (70)

E(YY2e-1) = Yme2eqr) (Cross-covariance of Yy, and Yy(4)

Ymt2t1) = P1miVit2e T Pim2Y2t2t Tt PrmnY2ene T Pomi1V2t1e(1) T P2m2Y2e2t(1)
t ot QomnVeene) Tt PomiVotitp-1) T Pom2Yat2t-1) T
+ Qap.mnyzt,nt(p—l) (71)

E(Y,._,€,:) = O(uncorrelated stationary processes at zero time lag)

Equation (71) further reduces to

VYmt,2t(1)
p

n
= Z PremjY2t(1),jt (k) (72)

k=1j=1
Dividing Equation (72) by /¥2¢ 2¢Vme.me» it produces cross-autocorrelation presented as
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Pmt,2t(1)

_ ;2:1 Z?=1 PrmjY2t0),jtk) (73)

v Y2t2tVmtme

Multiplying Equation (4) by Y,,_, and taking the expectations,

E(YineYar—2) = @11 EYVar—2Yie—1) + @1moE (Yar—2Yar—1) + - + @1mnE (Yar—2Yne—1)
+ Oom1E (Yar—2Yie-2) + @omaE(Yor2Yor2) + -+ @oimnE (Yor—2Yne—2)
+ o+ Opmi EYar—2Yie—p) + Opm2E (Vor2Yor—p) + -
+ (pp.mnE(YZt—ZYnt—p) + E(YZt—Zemt) (74’)

E(YiY2t—2) = Yme2ez) (Cross-covariance of Yy, and Yy4(2))

VYmt,2t(2)

= QP1m1Vie2t()) T PimeY2e2t) T+ PrmnVne2t) T PomiVit2e T Pom2Var2e +
t OomnYatnt Tt OpmiVeritw-2) T Pom2Y2t2tp-2) T

+ q’p.mnVZt,nt(p—Z) (75)

E(Y,;_,€,,:) = 0(uncorrelated stationary processes at zero time lag)

Equation (75) further reduces to

VYmt,2t(2)
p

n
= Z PremjY2t(2),jt (k) (76)

k=1 j=1

Dividing Equation (76) by /¥2¢ 2¢Vime.me» it produces cross-autocorrelation presented as

§=1 Z7=1 PrmjY2t(2),jt(k)

Pmt2t(2) =
me2E) v Y2t 2tVmtmt

Multiplying Equation (4) by Y,,_,, and taking the expectations,

(77)
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- Lj=1 PremjYat(p),jt()

Pmt2t(p) = (78)
mhenp v Y2t 2tVmtmt
Therefore,
£=1 2?:1 PrmjY2t),jt(k)
Pmt2t() = L
Y2t 2tVmt,mt
=0,+1,+2,+, ... (79)
Generally,

Z;z;:l Pr.ijYit),jt(k)

Pit,jt(k) =
I v Yit,itVjt,jt

*J) (80)

ke, 1=0,21,42,4,...(k # 1), (i

Equation (80) is the general model for cross-autocorrelation at lag k.

RESULTS:
In this section, numerical estimates of the variances, auto-covariances, Cross-
autocovariances, autocorrelations and cross-autocorrelations are presented.

Preliminary Estimates

Here, regression equations for Y;; and Y,, with estimated parameters for the first two lags
of each response and predictive time variable are presented. The lag length is arbitrary
chosen for the estimate of more than one parameter in each model. Therefore,

2 2
Y = Z Z PrijYii-k
k=1j=1

+ €it (81)

fori=1;j=12k=1.2,
7., = —0.5327Y;,_; + 0.1310Y;,_, — 0.1233Y;,_,
— 0.0694Y,,_, (82)

62, = 0.0006930
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fori=2;j=12k =12,
Y,, = —0.179Y;,_; + 0.1518Y,,_; — 0.053Y;,_,
+0.1001Y,,_, (83)
62, = 0.001616

The parameter estimates in Equations (82) and (83) are the input values for the
computations of the autocorrelations. Further inputs for the autocorrelations and cross-
autocorrelations are the estimates of autocovariances and cross-autocovariances whose
model is presented as,

2
Vit je(y) = z Pr.ijVie(),jt(k) (84)
k=1
fori=1,2;j=1,2;1=1,2,3, Table 1 presents the estimates.

Table 1: Autocovariance and Cross-autocovariance Estimates

Lag , Y11 V1e2eD) Y2e16(D) Y2e2:(D)
1 -0.00048692 0.00026391 -0.00014413 0.00030496
2 0.000125890 -0.00020959 0.00000518 0.00016932
3 0.000053980 0.00011425 -0.00009412 0.00016829

The lag length in Table 1 is arbitrary chosen for increasing numbers of autocorrelations
and cross-autocorrelations.

Estimation of VVariance of Y4,

From Equation (11), k =1, 2; j = 1,2 result to the following model

Vieae = Q)1.11Y1t,1t(1) + ¢1.12Y1t,2t(1) + ®2.11V1t,1t(2) + ®2.1271t,2t(2)
+ aezlt (85)

From the estimates of Equation (84) and Table 1, therefore,
Y1¢1¢ = 0.0009860

Autocorrelations of Yy, and Y,
From Equation (22),
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1 , =0
2 2
Preacqy = 3§ Zie=1 Zj=1Pr1j Y1t

Yit1t

Cross-Autocorrelations of ¥4, and Y,y
From Equation (49),

Y ho1 Xt Ora Y2ttt

Pit2e) =
v Y1t 1tV 2¢,2t

=012, ..

)1

Estimation of VVariance of Y ,,

From Equation (25), k =1, 2; j = 1,2 result to the following model

JA=11,42, %

(86)

(87)

Vat2t = ®1.21Y2t,1t(1) + ¢1.22V2t,2t(1) + ®2.21y2t,1t(2) + ®2.22y2t,2t(2)

+ 02, (88)

From the estimates of Equation (83) and Table 1, therefore,

Pacae = 0.0017048

Autocorrelations of Y,, and Y5,
From Equation (38),

1 , =0
2 2
Pat2t(1) = D=1 Zj:l Pr.2jY2t),jt(k)

Y1t,1¢

Cross-Autocorrelations of ¥,, and Y,
From Equation (59),

Zi=1 Z?=1 Pr.2jY1t),jtk)

P2t1e() =
v Y1ie 1tV 2e 2t

,1=0,12, ..
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SUMMARY OF RESULTS

Tablel: Estimates from MAR Model Parameters and Direct Computations

Auto/Cross- Variable Estimates Direct Computations
Autocorrelation Measure from  MAR Using Lagged
Models Variables
Autocorrelations of X, and  pq¢ 141y  -0.564 -0.497
Xt Piticzy 0.127 0.128
Pitaez) 0.040 0.055
Cross-Autocorrelations of  p;.5¢4) 0.205 0.208
X1 and Xo¢ () Preatay -0.161 -0.165
P12tz 0.081 0.089
Autocorrelations of X, and  py¢ 5.1y  0.183 0.183
Xat (k) Patzezy  0.102 0.101
P2t2¢3) 0.090 0.101
Cross-Autocorrelations  of  py 441y -0.110 -0.112
Xoe and Xy Patirzy 0.003 0.004
P2tae3 -0.073 -0.073
SUMMARY

Multivariate time series models, such as Vector Autoregressive Models (VAMS), construct
various associations between response time variables and associated predictive lag terms.
The paper's main focus was on using a model parameter technique to define and evaluate
the fundamental features of two-dimensional Vector Autoregressive Models. This method
differs from the typical way of using lagging variables across time as input variables for
variance, autocovariance, cross-autocovariance, autocorrelations, and  cross-
autocorrelations computations. Crude oil production quantity and price return series
representing Y;, and Y,, were utilized as response time variables in bivariate VAR models

311



Abacus (Mathematics Science Series) Vol. 49, No 2, July. 2022

to illustrate and validate the model developed. The variances were calculated using model
parameter estimates and validated with numerical examples. To verify the autocorrelations
and cross-autocorrelation models created using the model parameters, estimates obtained
from ordinary least squares regression and other statistical measures were utilized as entry
variables. This method differs from [1], [8] and [9], a typical methodology of using lag
terms of response time variables for direct computations of the above measures. Table 1
summarizes the results obtained using the two approaches, and numerical illustrations
show that the estimates from the two methods for computations of variances,
autocovariances, autocorrelations, cross-autocovariances and cross-autocorrelations for
Vector Autoregressive Models are accurate and comparable.

CONCLUSION

Every model in statistics has some basic properties that describe the model's
distribution or process, depending on the situation. The goal of this research was to
develop a model-based approach for computatoion of some basic VAR model
properties. The results of this study show that the model-based method of computing
autocovariances, cross-autocovariances, autocorrelations, and cross-autocorrelations
in VAR models provides the same level of accuracy as the traditional method. This
approach is new and complimentary to the already established method of examining
the aforementioned statistical properties vector Autoregressive Models.
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